Abstract. Let L be a restricted Lie algebra with the restricted enveloping algebra u(L) over a perfect field of positive characteristic p. The restricted isomorphism problem asks what invariants of L are determined by u(L). This problem is the analogue of the modular isomorphism problem for finite pgroups. Bagiński and Sandling have given a positive answer to the modular isomorphism problem for metacyclic p-groups. In this paper, we provide a positive answer to the restricted isomorphism problem in case L is metacyclic and p-nilpotent.
Introduction
Let L be a Lie algebra over a field F of positive characteristic p and denote by ad : L → L the adjoint representation of L given by (adx)(y) = [y, x] , where x, y ∈ L. Recall that L is called restricted if L additionally affords a p-map [p] : L → L, satisfying (1) (adx) p = ad(x [p] ), for every x ∈ L; (2) (αx)
[p] = α p x [p] , for every x ∈ L and α ∈ F; and (3) (x + y) [ Let L be a restricted Lie algebra and denote by u(L) the restricted enveloping algebra of L. The restricted isomorphism problem asks what invariants of L are determined by u(L); i.e. given another restricted Lie algebra H with the property that u(L) ∼ = u(H), as algebras, can we deduce that L and H have the same invariants? Of course, the strongest invariant of L is its isomorphism type. We have considered the restricted isomorphism problem for abelian restricted Lie algebras in [10] . One main result of [10] states that if L is an abelian restricted Lie algebra in the class F p , then the isomorphism type of L is determined. Recall that L is said to be in the class F p if L is finite-dimensional and there exists an integer k such that L
It is also proved in [10] that if F is algebraically closed, then every finite-dimensional abelian restricted Lie algebra over F is determined by its enveloping algebra.
The restricted isomorphism problem is the analogue of the modular isomorphism problem for group algebras of finite p-groups [8] . This sort of isomorphism problem also makes sense for ordinary Lie algebras and has been considered by David Riley and the present author in [6] .
Bagiński [2] and Sandling [7] proved that every metacyclic p-group G is determined by its modular group algebra F p G, where F p denotes the field of p elements. Motivated by this result of Bagiński and Sandling, in this paper we consider the isomorphism problem for metacyclic restricted Lie algebras in the class F p . Recall that a restricted Lie algebra L is called metacyclic if L has a cyclic restricted ideal I such that L/I is cyclic. Our main result is as follows:
Theorem. Let L ∈ F p be a metacyclic restricted Lie algebra over a perfect field of positive characteristic. Then L is determined by its enveloping algebra u(L).
Before closing this section, I would like to thank Luzius Grunenfelder for many useful discussions.
Preliminaries
Let L be a restricted Lie algebra with the restricted enveloping algebra u(L) over a field F of characteristic p. Let X be an ordered basis of L over F. The analogue of the Poincaré-Birkhoff-Witt (PBW) Theorem for restricted Lie algebras (see [3] ) allows us to view L as a restricted Lie subalgebra of u(L) in such a way that u(L) has a basis consisting of PBW monomials, that is, monomials of the form 
We shall denote by L p the restricted Lie subalgebra of L generated by L . For a subset X of L we denote by X and X p the Lie subalgebra and the restricted Lie subalgebra generated by X, respectively. We consider left-normed commutators, that is,
An element x ∈ L is called p-nilpotent if there exists some non-negative integer t such that x p t = 0; the exponent of x, denoted by exp(x), is the least integer s such
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see [4] . It follows from the defining axioms of L that (x + y)
, for every m, n ≥ 1. Throughout this paper, we assume that L and H are restricted Lie algebras and ϕ : u(L) → u(H) is an isomorphism. It is proved in [10] that ϕ can be replaced by another isomorphism that preserves the augmentation ideals. So, without loss of generality, we assume that ϕ(ω(L)) = ω(H). We need the following results from [10] .
We remark that whether or not the nilpotence class of G is determined by F p G has been considered in recent years. However no major result is reported up-to-date; see [1] .
We note that u(L) has the invariant dimension property; that is, the rank of every u(L)-module is uniquely defined. Now let I be a restricted ideal of L and denote by I n the vector space spanned by all z 1 z 2 . . . z n , where z i ∈ I. We know that the kernel of the natural map
for every u ∈ I n u(L) and z ∈ u(L). The proofs of the following two lemmas are analogous to the corresponding lemmas in [6] .
Lemma 2.2. Let
I be an ideal of L. Then each factor I n u(L)/I n+1 u(L) is a free right u(L/I)-module of rank dim F ω n (I)/ω n+1 (I).
Lemma 2.3. Suppose that dim F I/D 2 (I) is finite. Suppose further that J is a restricted ideal of H such that ϕ(Iu(L)) = Ju(H). Then
D n (I)/D n+1 (I) ∼ = D n (J)/D n+1 (J), for every n ≥ 1.
Using the identity [ab, c] = a[b, c]+[a, c]b, which holds in any associative algebra, we can see that
is preserved by ϕ. So we may apply the previous lemma to the case I = L p and J = H p .
Corollary 2.4. Suppose that L and H are finite-dimensional restricted Lie algebras such that u(L) ∼ = u(H). Then, for every positive integer n, we have
Proof. Note that, by Lemma 2.1, H is nilpotent of class at most 3. So, H is abelian. Note that 
as required.
Metacyclic restricted Lie algebras
A restricted Lie algebra L is called metacyclic if L has a cyclic restricted ideal I such that L/I is cyclic. In other words, there exist generators x, y ∈ L and some p-polynomials g and h such that
In this section L is a non-abelian metacyclic restricted Lie algebra in the class
contradicting the fact that L is non-abelian. 
Let k be the smallest integer such that c k = 0. Then
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Since L is not abelian, we have 1 ≤ r ≤ n and 1 ≤ s ≤ n − 1. Now it is easy to see that the commutator subalgebra L is one-dimensional and cl(L) = 2. So, and note that the map induced by x → u 1 , y → v 1 is an isomorphism between L and H. Similarly, if n ≥ 3 and r = s = n − 1 , we can find generators u 1 , v 1 of H such that the map induced by x → u 1 , y → v 1 is an isomorphism. Now we consider the case n = 2. We have the following relations:
